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A Result on Certain Sums of Element
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Abstract. Given a finite group G of order pnm, where p is a prime and
p � m, we denote by ψp(G) the sum of orders of p-parts of elements in
G. In the current note, we prove that ψp(G) ≤ ψp(Cpnm), where Cpnm

is the cyclic group of order pnm, and the equality holds if and only if G
is p-nilpotent of a particular type. A generalization of this result is also
presented.
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1. Introduction

Let G be a finite group. In 2009, H. Amiri, S.M. Jafarian Amiri and I.M. Isaacs
introduced in their paper [1] the function

ψ(G) =
∑

x∈G

o(x),

where o(x) denotes the order of x in G. They proved the following basic the-
orem:

Theorem A. If G is a finite group of order n, then ψ(G) ≤ ψ(Cn), and we
have equality if and only if G is cyclic.

Since then many authors have studied the properties of the function ψ(G)
and its relations with the structure of G (see e.g. [3–5,8–10,15]).

Note that Theorem A follows from the next result:
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Theorem B. If G is a finite group of order n, then there is a bijection f :
G −→ Cn such that o(x) divides o(f(x)), for all x ∈ G.

This has been formulated as a question by I.M. Isaacs (see Problem 18.1
in [14]) and proved for some particular groups by F. Ladisch [13] and M. Amiri
and S.M. Jafarian Amiri [2]. A proof for arbitrary groups has been recently
given by M. Amiri [6].

Next we assume that |G| = pnm, where p is a prime and p � m, and
consider the function

ψp(G) =
∑

x∈G

o(xp),

where xp is the p-part of x in G. We remark that

ψp(G) =
∑

x∈G

o(xm)

and in particular

ψp(Cpnm) = mψ(Cpn).

Our main result is stated as follows.

Theorem 1.1. If G is a finite group of order pnm with p prime and p � m, then
ψp(G) ≤ ψp(Cpnm), and we have equality if and only if G ∼= H � Cpn , where
H is a normal subgroup of order m of G.

Its proof will be given in Sect. 2, while in Sect. 3 we will present a
generalization of this theorem. Also, we remark that there is no constant c ∈
(0, 1) such that if ψp(G) > cψp(Cpnm), then G belongs to a significant class of
groups, as it happens for the original function ψ.

For the proof of Theorem 1.1, we need two well-known theorems of Frobe-
nius [7] and N. Iiyori and H. Yamaki [11].

Theorem C. Let G be a finite group whose order is divisible by a number n.
Then the number of solutions of the equation xn = 1 in G is a multiple of n.

Theorem D. Let G be a finite group whose order is divisible by a number n. If
the set of solutions of the equation xn = 1 in G has exactly n elements, then
it forms a subgroup of G.

Most of our notation is standard and will usually not be repeated here.
Elementary notions and results on groups can be found in [7].

2. Proof of Theorem 1.1

First of all, we observe that if G is a finite group of order n, then Theorem B
implies the existence of a partition (Ld(G))d|n of G such that for every divisor
d of n we have:
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a) |Ld(G)| = ϕ(d), where ϕ is the Euler totient function;
b) xd = 1, ∀x ∈ Ld(G).

Moreover, the bijection f in Theorem B maps the elements of Ld(G) to the
elements of order d of Cn.

We are now able to prove our main result.

Proof of Theorem 1.1. Under the above notation, it is easy to see that

o(x)|o(f(x)) ⇒ o(xp)|o(f(x)p),∀x ∈ G,

which leads to

ψp(G) =
∑

x∈G

o(xp)

≤
∑

x∈G

o(f(x)p)

=
∑

y∈Cpnm

o(yp)

= ψp(Cpnm).

Assume now that ψp(G) = ψp(Cpnm) and let 0 ≤ i ≤ n and m1|m. Then
every element x ∈ Lpim1(G) can be written as x = xpix

′
i, where o(xpi)|pi and

o(x′
i)|m1. We get

ψp(G) =
n∑

i=0

∑

m1|m

∑

x∈Lpim1
(G)

o(xpi)

and

ψp(Cpnm) =
n∑

i=0

∑

m1|m
ϕ(pim1)pi,

implying that o(xpi) = pi, ∀x ∈ Lpim1(G). Thus

o(xpn) = pn,∀x ∈ Lpnm1(G),

and so the Sylow p-subgroups of G are cyclic. Moreover

|{x ∈ G | xm = 1}| =
∑

m1|m
|Lp0m1(G)|

=
∑

m1|m
ϕ(m1)

= m

and Theorem D shows that H = {x ∈ G | xm = 1} is a subgroup of G. Clearly,
H is normal in G and it follows that G ∼= H � Cpn , completing the proof. �



  111 Page 4 of 6 M. Tărnăuceanu Results Math

We remark that an alternative way to prove the cyclicity of the Sylow
p-subgroups of G is as follows. Since

ψp(G) = ψp(Cpnm) = mψ(Cpn) = m
p2n+1 + 1

p + 1
,

there is x ∈ G such that

o(xp) ≥ p2n+1 + 1
pn(p + 1)

> pn−1,

i.e. o(xp) = pn.
We end this section with the following example.

Example. The group G = SL2(F3) = Q8 � C9 = SmallGroup(72, 3) has 1
element of order 1, 1 element of order 2, 2 elements of order 3, 6 elements of
order 4, 2 elements of order 6, 24 elements of order 9, 12 elements of order 12
and 24 elements of order 18. The sets (Ld(G))d|12 can be chosen as follows

– L1(G): 1 element of order 1,
– L2(G): 1 element of order 2,
– L3(G): 2 elements of order 3,
– L4(G): 2 elements of order 4,
– L6(G): 2 elements of order 6,
– L8(G): 4 elements of order 4,
– L9(G): 6 elements of order 9,
– L12(G): 4 elements of order 12,
– L18(G): 6 elements of order 9,
– L24(G): 8 elements of order 12,
– L36(G): 12 elements of order 9,
– L72(G): 24 elements of order 18,

and we easily get

ψ2(G) = 387 = ψ2(C72) and ψ3(G) = 488 = ψ3(C72).

3. A Generalization

Let G be a finite group of order n and π be a set of primes contained in π(n).
Then every element x of G can be uniquely written as x = xπxπ′ , where o(xπ)
is a π-number and o(xπ′) is a π′-number. Define

ψπ(G) =
∑

x∈G

o(xπ).

Similarly with Theorem 1.1, one can prove the next result.

Theorem 3.1. Under the above notation, we have ψπ(G) ≤ ψπ(Cn), and the
equality holds if and only if G ∼= H � C, where H is a normal subgroup of G
of order the π′-part of n and C is a cyclic subgroup of G of order the π-part
of n.
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Note that an immediate consequence of Theorem 3.1 is the following.

Corollary 3.2. Under the above notation, if ψπ(G) = ψπ(Cn) and ψπ′(G) =
ψπ′(Cn), then G ∼= Cn.

Finally, we formulate the following question concerning Theorem D in
Sect. 1.

Question. Let G be a finite group of order n, and let P ∈ Sylp(G) be a cyclic
group. If |{x ∈ G : xnp′ = 1}| = np′ , then {x ∈ G : xnp′ = 1} is a subgroup of
G.
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